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The elastic moduli of four numerical random isotropic packings of Hertzian spheres are studied. The four samples are
assembled with diﬀerent preparation procedures, two of which aim to reproduce experimental compaction by vibration
and lubrication. The mechanical properties of the samples are found to change with the preparation history, and to depend
much more on coordination number than on density.
Secondly, the ﬂuctuations in the particle displacements from the average strain are analyzed, and the way they aﬀect the
macroscopic behavior analyzed. It is found that only the average over equally oriented contacts of the relative displace-
ment these ﬂuctuations induce is relevant at the macroscopic scale. This average depends on coordination number, average
geometry of the contact network and average contact stiﬀness. As far as the separate contributions from particle displace-
ments and rotations are concerned, the former is found to counteract the average strain along the contact normal, while the
latter do in the tangential plane. Conversely, the tangential components of the center displacements mainly arise to enforce
local equilibrium, and have a small and generally stiﬀening eﬀect at the macro-scale.
Finally, the ﬂuctuations and the shear modulus that result from two approaches available in the literature are estimated
numerically. These approaches are both based on the equilibrium of a small-sized representative assembly. The improve-
ment of these estimate with respect to the average strain assumption indicates that the ﬂuctuations relevant to the macro-
scopic behavior occur with short correlation length.
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Granular media are relevant to civil engineering in the form of soils or granulates; to agriculture as seeds; to
industry as powders to compact or mix, or because raw materials are easier to store or transport in the form of
spheres. Granular media are made of grains that interact at contact points, where forces arise to oppose the
relative displacement between contacting particles. The focus in this work is on the stress–strain relationship
for dense assemblies in the linear elastic regime. This concerns the reversible response to small disturbances,
with the additional constraint that any change on the geometry of the contact network be negligible. Exper-
imentally, this range is investigated by wave propagation, or by biaxial tests when the technical apparatus
allows to measure very small deformations, as in Thomann and Hryciw (1990) and Hicher (1996).
As emphasized for example in Roux (2000), the response of granular media crucially depends on the struc-
ture of the contact network. This is deﬁned by the average number of contacts per particle and the texture
fabric, and depends on the procedure employed to assemble the sample. Current assembling procedures con-
sist in shakes, taps, vibration, lubrication or undulatory shear, as in Nicolas et al. (2000), Jia and Mills (2001)
or Cundall et al. (1989). In two-dimensions the particle fabric is accessible, classically through experiments on
photoelastic disks like those in Majmudar and Behringer (2005) and Atman et al. (2005). Photoelastic disks
allow detection of contacts through that of colored fringes on the surface of interacting grains, and compu-
tation of the contact forces through image analysis. On the contrary, the unambiguous identiﬁcation of the
contact network in three dimensions still represents an unsolved task, due to the diﬃculty of distinguishing
between inﬁnitely close and contacting grains. Even when advanced techniques are used, like X-ray tomogra-
phy in Aste et al. (2005), the uncertainty in the determination of the number of neighbors remains signiﬁcant.
As a consequence, the assemblies are still customarily characterized in terms of density, which is the only eas-
ily-measured quantity related to the microstructure. Density still plays a central role in the studies about gran-
ular media, especially in the context of compaction (for example, Procopio and Zavanglios, 2005) or in Cam-
Clay-like models (Roscoe and Burland, 1968).
Numerical simulations are at present the only tool to access the internal structure. Discrete Element
Method (DEM) simulations are currently employed, which predict the evolution of a granular assembly by
integration in time of the equations of motion of the individual particles (Cundal and Strack, 1979). These
are treated as rigid bodies that interact at contact points, thereby neglecting the deformation of the grains
as continua and the mutual inﬂuence between close contacts on the same grain. Such an assumption is reason-
able in three dimensions, where the elastic deformation induced by the force between contacting bodies decays
as the square of the distance from the contact surface (Johnson, 1985). In two dimensions, the decay is only
proportional to this distance. In Procopio and Zavanglios (2005) two-dimensional assemblies of disordered
glass disks are simulated by using both a DEM code and a Finite Element Method (FEM) mesh for the indi-
vidual particles. Comparison between the two simulations shows that incorporating the behavior of the beads
as continua does soften the assembly.
Like in experiments, the ﬁrst operation in a numerical simulation is sample compaction. In the scientiﬁc
community, this is almost exclusively performed by means of a frictionless compression, which is easy to
reproduce and allows matching of the experimental densities. A recent study by Makse et al. (2004) suggests
that the behavior of numerical samples assembled in this way is in agreement with that of real assemblies of
glass beads under large pressures, between 10 and 100 MPa. However, to our knowledge neither alternative
procedures nor the sample behavior in a smaller pressure range, though recurrent in geotechnical tests, have
been suﬃciently studied.
In Continuum Mechanics, the interest is in the prediction of the elastic moduli. A classic attempt follows
from assuming that the relative displacements between grains are those induced by the average strain. In this
way, Digby (1981) and Walton (1987) analytically infer the bulk and shear modulus of a random assembly of
spheres. Comparison with the elastic moduli of numerical assemblies, as in Cundall et al. (1989), reveals that
the prediction of the bulk modulus is suﬃciently accurate, while that of the shear modulus is severely overes-
timated. The average strain assumption fails because it does not incorporate considerations of equilibrium,
which is attained by the grains at the expenses of additional displacement ﬂuctuations in the presence of dis-
order. In fact, forces and torques induced by the average strain identically balance only in perfectly ordered
packings. This apparently conﬂicts with the experiments in Duﬀy and Mindlin (1957) on regular packs of steel
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sure. Goddard (1990) proposes as an explanation the squeezing of conical asperities to Herztian contacts and
the buckling of compressed columns, which are mechanisms that imply a signiﬁcative evolution of the contact
network. However, the work of Velicky and Caroli (1999) on hexagonal two-dimensional assemblies of
spheres shows that even small dispersions in the diameter induce important deviations from the average strain
prediction.
Several analytical solutions in the literature attempt to overcome the insuﬃciency of the average strain
assumption. Some focus on contact forces. For example, Chang et al. (1995) estimate the elastic moduli of
assemblies of frictional spheres whose contact forces are made to depend on the average fabric. They show
that the moduli depend on the ratio between tangential and normal contact stiﬀness and on the geometry
of the fabric tensor. The same is done in Trentadue (2003), but in the more general context of non-spherical
particles. Other approaches focus on displacements, solving for them the balance of force and torque on a
small-sized subassembly. This is the case in the Pair Fluctuation (PF) method in Jenkins and La Ragione
(2001), and in the 1-Fluctuating Particle (1FP) method in Kruyt and Rothenburg (2002). These methods have
been applied to estimate, in turn, the shear modulus of dense assemblies of frictionless spheres and of non-
rotating frictional disks. With respect to the average strain assumption, the ratio of the estimate to the eﬀective
value is reduced from 40 to 5 in the ﬁrst case, and gets close to 1 in the second case.
The performance of a prediction depends on how realistic its assumptions are with respect to experimental
observations. In two dimensions, the numerical simulations of Calvetti and Emeriault (1999) and Kruyt and
Rothenburg (2001) show that the average force over equally oriented contacts obeys the directional depen-
dence predicted by the average strain assumption. This means that the displacement ﬂuctuations averaged
over equally oriented contacts obey the same directional dependence. That is, isotropic deformations induce
isotropic ﬂuctuations on average, while a biaxial compression induces radial ﬂuctuations that are largest in the
direction of the maximal compression and tangential ones that are largest at 45 from the principal strains.
The two-dimensional simulation in Kuhn (1999) reveals the appearance of deformation patterns. Gaspar
and Koenders (2001) reexamine this simulation and relate the width of the deformation patterns to the cor-
relation length of displacement ﬂuctuations, which is found to be of about ﬁve particle diameters. Agnolin and
Kruyt (2007) examine the linear elastic behavior of frictional assemblies of disks of coordination number
between 3.5 and 5, and estimate their shear modulus with the hypothesis that the displacement ﬂuctuations
correlate over four particle diameters. With respect to the average strain assumption, they obtain a decrease
in the ratio of the estimated to the eﬀective value from more than 3 to about 1.5 in the less favorable case,
which corresponds to small coordination number. Other simulations report much wider correlation lengths.
In the 2D simulation in Williams and Rege (1997) displacement ﬂuctuations occur in circulations cells that
span a length of about twenty-particles. So large correlation lengths are likely to be induced by the large defor-
mation applied and to be further emphasized by the particle softness. In this simulation, the deformation
reaches 10% of particle diameter in steps of 1% of particle diameter, which are values characteristic of peak
and post-peak behavior in both experiments on sand and numerical simulations of glass spheres (Thornton
and Antony, 1998). A thorough description of the ﬂuctuations from the average strain from experiments or
numerical simulations and of the way they determine the macroscopic behavior is still missing in three
dimensions.
In this work, a series of numerical isotropic assemblies of glass beads is ﬁrst created. The beads interact
through Hertzian contact forces, whose constitutive law results in an increase of the particle stiﬀness with
the overlap. Each sample is compacted following a diﬀerent preparation procedure, and among the proce-
dures, two aim to reproduce experimental compaction. All procedures result in similar densities at the same
pressure, but in signiﬁcantly diﬀerent coordination number. The elastic moduli of the samples are determined
over a wide range of pressure, and compared with their estimate on the basis of the average strain assumption.
The ﬂuctuations from the average strain the samples undergo are characterized, and conclusions are derived
about the way they determine the behavior of the equivalent continuum. In doing so, distinction is made
between the contributions from the various kinematic ingredients, namely center displacements and rotations,
which are inherent in the discrete nature of granular materials. Finally, two approaches available in the liter-
ature are discussed and compared, which predict ﬂuctuations consistent with our experimental observations.
Our study ﬁxes the performance attainable by these approaches for frictional spheres and concludes about the
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macroscopic behavior.
2. Micromechanics
The simulated grains are glass beads of diameter D and mass m, and are treated as rigid bodies that interact
through points of contact. A contact between two grains, say i and j, is deﬁned by its position and the unit
vector n(ij) that points from the center of grain i to that of grain j. In a counterclockwise Cartesian reference
frame of axes e1, e2, e3,nðijÞ ¼ ðcos h; sin h cos/; sin h sin/Þ;
where h is the polar angle with respect to axis 1, and / is the Azimuthal angle. Let u(i) and u(j) be the displace-
ment of the two grains; x(i) and x(j) their rotation; u(ij) their relative displacement, and t(ij) the unit vector
aligned with the tangential component s(ij) of u(ij); s(ij) has absolute value s(ij), i.e.uðijÞ ¼ uðiÞ  uðjÞ þ D
2
½xðiÞ þ xðjÞ  nðijÞ;
sðijÞ ¼ uðijÞ  uðijÞa nðijÞa nðijÞ;
sðijÞ ¼ jsðijÞj;
tðijÞ ¼ sðijÞ=sðijÞ;where the symbol · and the vertical bars j  j denote, in turn, the vector product and the absolute value. Con-
tacting grains interact by means of contact forces. These oppose their relative displacement at the contact
point, and have normal and tangential component to the contact of absolute value F ðijÞN and F
ðijÞ
T , respectively.
F ðijÞN obeys Hertz’s law, i.e.F ðijÞN ¼
Y
ﬃﬃﬃﬃ
D
p
hðijÞ3=2
ð1 m2Þ3 ; ð1Þwhere Y is the Young’s modulus of the material the beads are made of, m is its Poisson’s modulus and h(ij) is the
contact overlap. No tensile normal forces are allowed. The increments in F ðijÞT obeydF ðijÞT ¼
2ð1 mÞ
2 m
dF ðijÞN
dhðijÞ
dsðijÞ; ð2Þwhich is Mindlin’s (Mindlin and Deresiewicz, 1953) initial tangential stiﬀness between two spheres kept in con-
tact by the normal force F ðijÞN . F
ðijÞ
T is bounded above by the coeﬃcient of friction l, so that jFTj 6 ljFNj. Along
some loading–unloading paths (Elata and Berryman, 1996), use of (2) might induce spurious creation of en-
ergy, which is avoided by incorporating the recommendations by Johnson and Norris (1996). The contact
force F(ij) of grain j on grain i can thus be written asF ðijÞr ¼ F ðijÞN nðijÞr  F ðijÞT tðijÞr :
At the macroscopic level, the assembly is characterized by its solid fraction U and coordination numbers z and
z*, namelyU ¼ NpD
3
6V
;
z ¼ 2C
N
;
z ¼ 2C
N act
;
ð3Þwhere N is the number of grains in the assembly, Nact is that of force-carrying grains and C is the number of
contacts. The average number of contacts per active particle z* emphasises the role of the force-carrying net-
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1983) is given byrrm ¼  D
2V
XNact
i¼1
XNðiÞ
j¼1
F ðijÞr n
ðijÞ
m ; ð4Þwhich is the average over the volume V of the assembly of Cauchy’s stress as deﬁned by Love (1944). Its com-
ponents are taken positive in compression. In (4), the index j spans the N(i) neighbors of grain i, and the factor
1/2 avoids twice-counting contacts. The components of the strain tensor E measure the relative change in
length and are taken positive in compression. For example,E11 ¼ ðL1  l1Þ=L1;
where L1 and l1 measure the cell length along the direction 1 before and after the deformation. In elastic sys-
tems, increments in stress and strain are related by the fourth-order tensor C,Drrm ¼ CrmijEij; ð5Þ
where Einstein’s convention is used. In isotropic systems, the tensor C has two independent components, say
C1111 and C1122. Equivalently, the stress–strain relationship can be expressed in terms of the bulk and shear
modulus B and G, asB ¼ ðC1111 þ 2C1122Þ=3;
G ¼ ðC1111  C1122Þ=2:
ð6Þ3. DEM simulations
3.1. Creation of the initial state
DEM simulations are employed to create four numerical assemblies, labelled by A, B, C and D, each made
of 4000 identical glass spheres conﬁned in a periodic cell. As far as the mechanical properties of glass are con-
cerned, Y = 70 GPa and m = 0.3 are its Young’s and Poisson’s modulus, respectively.
The evolution of an assembly is studied by integrating in time the equations of motion of the individual
grains, which interact through contact forces. Each sample is assembled with a diﬀerent preparation proce-
dure, and is at equilibrium at the pressure of 10 kPa. All procedures are intended to produce isotropic particle
arrangements. The lowest pressure points in Fig. 1 give density and coordination number of the initial states.
By ‘‘equilibrium’’ it is meant that the resultant force and torque on each grain are smaller than pD2/104 and
pD3/104, respectively. Moreover, the kinetic energy has to be smaller than pD3/107, and once all velocities have
been set to zero, the kinetic energy must stay null.
The initial state of sample A results from the isotropic compression of a frictionless granular gas up to the
pressure of 10 kPa, and has coordination number close to 6. Procedure A is a classic in the literature about
granular media (Thornton, 2000; Makse et al., 2004), as it is easy to reproduce and gives good agreement with
experimental solid fractions. In the case of sample B, the isotropic compression is applied on slightly frictional
grains (l = 0.02), as in an imperfect lubrication. The initial state of sample B is less dense than that of sample
A, but still has a large coordination number. The procedure employed to create sample C interprets vibration,
which is currently used to compact experimental samples, as a temporary suppression of friction. In this pro-
cedure, the coordinates of the grains of the initial state of sample A are ﬁrst scaled by a factor 1.005. In this
way, all contacts are opened. Then, the grains are mixed with random collisions that preserve kinetic energy
until they undergo 50 collisions on average. Only at this point is the isotropic compression resumed and con-
tinued up to the pressure P = 10 kPa, with friction l = 0.3. Sample C is only slightly less dense than A, but
because of friction has a much lower coordination number and 13% of its grains do not carry any force. These
grains are called ‘‘rattlers’’ in the literature. Because of (3), this is equivalent to saying that z = 0.87z*. The
comparison between density and coordination number of samples A and B on one side and C on the other
emphasizes that large densities do not necessarily imply large coordination numbers. Lastly, sample D is
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Fig. 1. Evolution of coordination number z* (average number of contacts per active particle) and density U with pressure for numerical
samples A ( ), B ( ), C ( ) and D ( ). Symbols ( ) and ( ) are, in turn, for vibrated and lubricated samples in the experiments by Jia
and Mills reported in (Agnolin et al., 2005); ( ) for the experiments by Domenico (1977); the isolated thick indicates the numerical
simulation by Cundall et al. (1989).
1106 I. Agnolin, J.-N. Roux / International Journal of Solids and Structures 45 (2008) 1101–1123the result of the isotropic compression of a frictional gas with friction coeﬃcient l = 0.3. The initial state of
sample D has low density and low coordination number, and 11% of its grains are rattlers.
3.2. Isotropic compression and elastic moduli
From their initial state, the samples are slowly isotropically compressed up to the pressure p = 105 kPa via
DEM simulations. By ‘slow’ it is meant that the dimensionless control parameter I ¼ _E ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃm=Dpp stays smaller
than 104. In the expression of I, E is the absolute value of the macroscopic deformation. The parameter I has
been deﬁned in (Da Cruz et al., 2005), and compares the macroscopic deformation rate to the particle-scale
time necessary for a grain initially at rest to cover the distance D/2 when pushed by a force F = PD2.
At eight intermediate values of pressure the assemblies are allowed to reach equilibrium, and their bulk and
shear modulus B and G are measured. B is determined by measuring the macroscopic strain Erm induced by a
small isotropic increment in stressDrrm ¼ Dpdrm;
where drm is the identity tensor. Due to (5) and (6),B ¼ Dp=Eii:
The shear modulus G is determined by measuring the macroscopic strain induced by an incremental stress of
the formDr ¼ Dq
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Fig. 2. Wave velocities for numerical samples A ( ), B ( ), C ( ) and D ( ). Dotted and solid lines are used for longitudinal and shear
wave velocity vl and vs, respectively. Symbols and are used, in turn, for the experimental results on dry and lubricated grains in
Agnolin et al. (2005); for those in Domenico (1977); the isolated thick indicates the numerical simulation by Cundall et al. (1989). For
each experiment, the upper and lower series measure, in turn, vl and vs.
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The elastic moduli are plotted in Fig. 2 in terms of longitudinal and transversal wave velocities vL and vS,vL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðBþ 4G=3Þ=q
p
;
vS ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
G=q
p
;where q is the density of the assembly. The elastic moduli of samples C and D are clearly separated from those
of samples A and B, each pair having similar coordination number. Numerical compaction by vibration gives
denser but less stiﬀ samples than lubrication, in accordance with experiments, but in contrast with the general
belief that the larger the density the stiﬀer the assembly.
The plot of wave velocities allows comparison with wave propagation experiments. We consider the exper-
iments reported in Agnolin et al. (2005) and Domenico (1977) on samples of glass beads, whose density evo-
lution with pressure is also shown in Fig. 1. Only sample C matches the experiments satisfactorily in terms of
both stiﬀness and density, which makes its study relevant. On the contrary, sample A, whose properties are
generally referred to in the literature, is too stiﬀ in the range of pressures usual in geotechnical tests. This com-
pletes the observations by Makse et al. (2004), who compare sample A only to the large pressure tests of
Domenico and conclude that it is representative of real assemblies. In the range of pressure considered by
Domenico, the conﬁgurations of samples C converge to those of sample A, as the former is derived from
the latter. In both experiments and numerical simulations, compaction by vibration gives denser but less stiﬀ
samples than lubrication. Also shown in Figs. 1 and 2 are density, coordination number and mechanical prop-
erties of the numerical sample studied in Cundall et al. (1989). This numerical simulation aims to reproduce
the mechanical behavior of a real assembly created by raining spherical beads into a membrane and tamping
them. The numerical sample is created by means of an initial almost frictionless compression followed by a
series of increasingly frictional expansions and compressions, up to the point where experimental pressure
and density are matched. The shear modulus of the numerical sample is 127 MPa, which compares well with
the experimental measurement of 161 MPa. Its coordination number is smaller than 6, as in the case of sample
C. All these observations emphasize a much stronger dependence of the elastic moduli on coordination num-
ber than on density. They also show that some of the numerical samples exhibit properties of experimental
ones. A thorough analysis of the resemblance between numerical simulations and experiments requires an
extensive study of the internal structure and comparison with the recent experiments reported in Aste et al.
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on the elastic moduli of the numerical samples. In the referred to publication, the reader will also ﬁnd an accu-
rate discussion of the numerical procedures employed.
3.3. Linear elastic regime
In the previous section, the elastic moduli of the numerical samples have been measured by employing
DEM simulations. In order for elasticity to apply, these have to be free from dissipation and quasi-static, while
linearity requires that all change in geometry be negligible at the ﬁrst order. This paragraph identiﬁes the range
of deformation inside which such requirements are satisﬁed, and thus validates the results of the previous
section.
Quasi-staticity implies that in the transition between two equilibrium states all dynamic contributions stay
negligible. This reduces the forces on the grains to their Hertzian interaction, whose expression can be ﬁnally
linearized for small enough deformations. An increment DF ðijÞr in the contact force that grain j exerts on grain i
can thus be related to the relative displacement u(ij) between the two grains via a normal and a tangential con-
tact stiﬀness KðijÞN and K
ðijÞ
T . From (1), the normal contact stiﬀness has the formKðijÞN ¼
dF N
dhðijÞ
¼ Y
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
DhðijÞ
p
2ð1 m2Þ ; ð9Þwhile (2) still holds along the tangential direction. KðijÞN and K
ðijÞ
T deﬁne the contact stiﬀness operatorKðijÞra ¼: KðijÞN nðijÞr nðijÞa þ KðijÞT ðdra  nðijÞr nðijÞa Þ; ð10Þ
which makes it possible to write thatDF ðijÞr ¼ KðijÞra uðijÞa : ð11Þ
The relative displacement uðijÞa at the contact point between grains i and j is the sum of the contributions u
EðijÞ
a
from the average strain and ~uaðijÞ from ﬂuctuations. If ~uðiÞa is the ﬂuctuation of grain i in the center displacement
and ~xðiÞa that in the rotation about it, and ~u
ðjÞ
a and ~x
ðjÞ
a are the analogous quantities for grain j,uðijÞa ¼ uEðijÞa þ ~uðijÞa ;
uEðijÞa ¼ DEamnðijÞm ;
~uðijÞa ¼ ~uðiÞa  ~uðjÞa þ
D
2
abc ~x
ðiÞ
b þ ~xðjÞb
h i
nðijÞc ;
ð12Þwhere abc is Edington’s epsilon. The balance of force and torque on grain i requires thatXNðiÞ
j¼1
DF ðijÞr ¼ 0;
XNðiÞ
j¼1
abrn
ðijÞ
b DF
ðijÞ
r ¼ 0;
ð13Þwhere the index j spans over the N(i) neighbors of i. Lastly, if the increment in stress Drrm applied in the DEM
simulation is to balance, D
2V
XNact
i¼1
XNðiÞ
j¼1
DF ðijÞr n
ðijÞ
m ¼ Drrm: ð14ÞAccording to the deﬁnition of linearity, the components of the normal contact vector in (13) and (14) are taken
to be those found before the increment in stress is applied. Introducing (11) and (12) in the system of (13) and
(14) makes it solvable for the three non-zero components of the strain and the 6Nact grain ﬂuctuations. The
ﬂuctuations that result from these calculations will be analysed in Section 5.
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mined how large the deformations are for which the results of the calculations in this section coincide with
those of quasi-static DEM simulations in which small load increments are slowly applied and the constitutive
contact laws remain those of expressions (1) and (2). The linear elastic deformation range strongly depends on
coordination number and increases with pressure. For sample C, the hypothesis of linear elasticity is valid for
strains smaller than 106 at p = 1 kPa, and smaller than 5 · 105 at p = 1 MPa; for sample A, for strains smal-
ler than 105 at p = 1 kPa, and smaller than 104 at p = 1 MPa. The reason for the breakdown of linear elas-
ticity changes with coordination number. At small coordination number, such as for sample C at small
pressure, this breakdown stems from the fragility of the contact network, which is close to isostatic and easily
undergoes geometry rearrangements for small changes in the applied load. In samples with large coordination
number it is due to the mobilization of friction, which decreases the system stiﬀness and induces irreversible
displacements. These issues are discussed in detail in the upcoming publication (Agnolin and Roux, 2007b), to
which the reader is referred. Moreover, the eﬀect of pressure cycles much wider than the range of linear elastic
behavior is discussed in detail in (Agnolin and Roux, 2007a) and is also found to chieﬂy depend on coordi-
nation number.4. Average strain assumption
In the attempt to predict the elastic moduli, the easiest scenario possible is that of relative displacements
between contacting grains driven by the average strain. The corresponding incremental overlap hE(ij) and tan-
gential relative displacement sEðijÞa would behEðijÞ ¼ DElmnðijÞl nðijÞm ;
sEðijÞa ¼ DEamnðijÞm  hEðijÞnðijÞa ;
ð15Þwhich depend on the contact orientation alone. Expressions (11) and (15) are introduced in (4), and the dis-
crete expression for the stress is transformed into an integral over the solid angle. To this aim, an isotropic
probability distribution function f(w) = z/4p is employed, which is deﬁned in such a way that f(w)dw is the
number of contacts in the element of solid angle dw. As a result,Drrm ¼ D
2N act
2V
hKrai
Z 4p
0
Eabnbnmf ðwÞdw; ð16Þwhere Kra is the average contact stiﬀness. From (2) and (9),hKNi ¼ 3DY
2
8ð1 m2Þ2
" #1=3
hF 1=3N i;
hKTi ¼ 2ð1 mÞ
2 m hKNi;
ð17Þwhich with (5) and (6) give the estimatesBE ¼ 1
2
zUY
3p
 2=3
P 1=3
hF 1=3N i
hF Ni1=3
;
GE ¼ 6þ 9hKTi=hKNi
10
BE:
ð18ÞFor contacts between glass spheres, hKTi /hKNi = 0.823. Expressions (18) account for the width of the normal
force distribution, whose evolution with pressure for sample C is shown in Fig. 3. If this is assumed uniform,
the estimates reduce to those of Walton (1987):
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Fig. 3. (Left) Evolution of the quantity hF1/3i/hFi1/3 for samples A ( ), B ( ), C ( ) and D ( ). (Right) Evolution of the normal contact
force distribution for sample C; the dashed and solid line reperesent, in turn, the distribution at p = 10 and 105 kPa; dotted lines are used at
intermediate pressures.
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2
zUY
3p
 2=3
P 1=3;
GEW ¼ 6þ 9hKTi=hKNi
10
BEW :
ð19ÞFig. 3 shows that the diﬀerence between estimates (18) and (19) is rather small, and larger for samples A and
C. The ratio of BE and GE to the eﬀective moduli is plotted in Fig. 4, where it is observed that the prediction of
I. Agnolin, J.-N. Roux / International Journal of Solids and Structures 45 (2008) 1101–1123 1111the bulk modulus is reliable. On the contrary, that of the shear modulus performs poorly, and improvement
can be obtained only at the expenses of incorporating the displacement ﬂuctuations into the modeling.5. Fluctuations
We study the displacement ﬂuctuations that arise when the shear stress (7) is applied, and interpret the role
of the various kinematic ingredients. Coherently with the constitutive law for the contact force (11), the ﬂuc-
tuations are analyzed in terms of the relative displacement they induce at the contact points. This is denoted by
~uðijÞa in (12). Its normal and tangential components ~h
ðijÞ and ~sðijÞa are~hðijÞ ¼ ~uðijÞl nðijÞl ;
~sðijÞa ¼ ~uðijÞa  ~hðijÞnðijÞa :
ð20ÞIn the tangent plane, ~sðijÞa is the sum of ~w
ðijÞtEðijÞa and ~z
ðijÞ
a , in turn aligned with and perpendicular to the tangen-
tial displacement sEðijÞa induced by the average strain. If t
EðijÞ
a is deﬁned as the unit vector aligned with s
EðijÞ
a ,tEðijÞa ¼: sEðijÞa =jsEðijÞj;
~wðijÞ ¼ esl ðijÞtEðijÞl ;
~zðijÞa ¼ esðijÞa  ~wðijÞtEðijÞa ;
ð21Þwith tEðijÞa ~z
ðijÞ
a ¼ 0. Further distinction is made in ~wðijÞ between the contributions ~wuðijÞ from the displacement of
the centers and ~wxðijÞ from rotations, i.e.~wuðijÞ ¼ ½~uðiÞl  ~uðjÞl tEðijÞl ;
~wxðijÞ ¼ D
2
lbc½~xðiÞb þ ~xðjÞb nðijÞc tEðijÞl ;
~wðijÞ ¼ ~wuðijÞ þ ~wxðijÞ:
ð22ÞWe organize the contacts in sets depending on the polar angle h with respect to the major principal stress, as
axial symmetry in the applied stress and isotropy in the contact orientation make the displacement ﬂuctuations
depend on it. We denote by Sh the set of polar angle h, and consider equally oriented all contacts that belong to
it. Firstly, in Figs. 5 and 6 we plot the ﬂuctuations averaged over each set, for sample A and C, respectively,
with the polar angle made vary between 0 and 90. Sample A is also representative of the behavior of sample
B, which has a similar coordination number; in the same way, sample C is also representative of sample D.
That is, the displacement ﬂuctuations chieﬂy depend on coordination number. Set by set, the ~za’s are zero
on average. Open and ﬁlled dots represent, in turn, the average of ~hðijÞ and ~wðijÞ, which we denote by h~hih
and h~wih. These are found to be proportional to the displacement induced by the average strain and aligned
with them. As a result, it is possible to write thath~hih ﬃ aNhEðijÞ;
hewih ﬃ aTsEðijÞa tEðijÞa ; ð23Þwith aN and aT the proportionality factors. aN and aT are negative, because the ﬂuctuations counteract the
average strain. Their value is reported in Table 1, which shows that the tangential ﬂuctuations are signiﬁcantly
more eﬀective than the radial ones in relaxing the system. Contact by contact, ~hðijÞ and ~wðijÞ may signiﬁcantly
diﬀer from their average h~hih and h~wih. If the diﬀerence from the average is called ‘‘residual’’ and labelled by a
superscript R, then~hðijÞ ¼ aNhEðijÞ þ hRðijÞ;
~wðijÞ ¼ aTsEðijÞa tEðijÞa þ wRðijÞa tEðijÞa :
ð24ÞAs aN and aT are independent of the polar angle, h~hih and h~wih are determined by the average structure of the
assembly.
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Fig. 5. Normal (ﬁrst row) and tangential (second row) contact displacements for sample A, averaged over equally oriented contacts, at
p = 10 kPa (left), p = 103 kPa (center) and p = 105 kPa. The results are in diameter units, multiplied by 104. Solid lines indicate the average
strain contributions hE(ij) (ﬁrst row) and sE(ij) (second row). Symbols are used for the contributions from displacement ﬂuctuations:
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the assemblies. As they depend on the contact overlap, both the normal and the tangential contact stiﬀness
ﬂuctuate about an average, and one can write thatKðijÞN ¼ hKNi þ ~KðijÞN ;
KðijÞT ¼ hKTi þ ~KðijÞT :
ð25ÞOnce (11), (12), (20 ), (21), (24), (25) have been inserted in (4), and sums over grains have been transformed
into sums over contacts spanning the sets S(h), one obtainsDrrm
V
D
¼
X
h
X
ðijÞ2Sh
½hKNi þ ~KðijÞN ½ð1þ aNÞhEðijÞ þ hRðijÞnðijÞr nðijÞm
þ
X
h
X
ðijÞ2Sh
½hKTi þ ~KðijÞT ½drl  nðijÞr nðijÞl ½ð1þ aTÞsEðijÞl þ wRðijÞtEðijÞl þ ~zðijÞl nðijÞm :With respect to (4), the factor 1/2 has disappeared, as double counting does not occur when the indexes are
made vary over the contacts. As long as the fabric remains isotropic, products of ﬂuctuations in the contact
stiﬀness, of residuals or of the ~zl’s times the average stiﬀness, the h
E(ij) or the sEðijÞl ’s give null terms. In what
remains, products of ﬂuctuations give contributions whose ratio to the total stress ranges between 103 and
107, and which can thus be neglected. As a consequence,
Table 1
Contribution from the structural ﬂuctuations to the stress for samples A, B, C, D
Sample A Sample B
p (kPa) aN aT axT p (kPa) aN aT a
x
T
10 0.16 0.41 0.46 10 0.16 0.46 0.48
10
ﬃﬃﬃﬃﬃ
10
p 0.14 0.42 0.43 10 ﬃﬃﬃﬃﬃ10p 0.16 0.45 0.47
102 0.14 0.39 0.40 102 0.15 0.44 0.46
102
ﬃﬃﬃﬃﬃ
10
p 0.14 0.4 0.40 102 ﬃﬃﬃﬃﬃ10p 0.15 0.43 0.44
103 0.13 0.37 0.38 103 0.15 0.41 0.43
103
ﬃﬃﬃﬃﬃ
10
p 0.13 0.36 0.36 103 ﬃﬃﬃﬃﬃ10p 0.14 0.39 0.41
104 0.10 0.33 0.33 104 0.13 0.36 0.36
104
ﬃﬃﬃﬃﬃ
10
p 0.09 0.30 0.23 104 ﬃﬃﬃﬃﬃ10p 0.10 0.33 0.33
105 0.07 0.25 0.31 105 0.08 0.28 0.26
Sample C Sample D
10 0.54 0.80 1.04 10 0.49 0.78 0.96
10
ﬃﬃﬃﬃﬃ
10
p 0.48 0.76 0.96 10 ﬃﬃﬃﬃﬃ10p 0.48 0.77 0.91
102 0.44 0.73 0.90 102 0.45 0.74 0.89
102
ﬃﬃﬃﬃﬃ
10
p 0.36 0.68 0.81 102 ﬃﬃﬃﬃﬃ10p 0.40 0.71 0.82
103 0.30 0.60 0.71 103 0.34 0.67 0.77
103
ﬃﬃﬃﬃﬃ
10
p 0.24 0.53 0.60 103 ﬃﬃﬃﬃﬃ10p 0.29 0.61 0.69
104 0.18 0.45 0.49 104 0.24 0.54 0.59
104
ﬃﬃﬃﬃﬃ
10
p 0.13 0.35 0.37 104 ﬃﬃﬃﬃﬃ10p 0.19 0.46 0.48
105 0.09 0.26 0.27 105 0.15 0.37 0.37
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Fig. 6. Normal (ﬁrst row) and tangential (second row) contact displacements for sample C. Same symbols as in Fig. 5.
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V
D
’ hKNið1þ aNÞ
X
h
X
ðijÞ2Sh
hEðijÞnðijÞl n
ðijÞ
m þ hKTið1þ aTÞ
X
h
X
ðijÞ2Sh
sEðijÞl n
ðijÞ
m : ð26ÞExpression (26) makes it explicit that the average structure is deﬁned by the average contact stiﬀness and the
average contact distribution. Local deviations from the average structure give rise to the residuals and the ~z’s,
which disappear at the macroscopic scale. However, their numerical value is comparable to that of the average
ﬂuctuations, as Fig. 8 proves. In this ﬁgure, the absolute value of the residuals, averaged over equally oriented
contacts, is inferred by comparing the absolute value of normal and tangential ﬂuctuations, averaged over the
contact sets, with the absolute value of the average. All quantities decrease with increasing coordination num-
ber, as the forces induced by the average strain balance more and more easily, but the residuals, especially in
the tangent plane, and the ~z’s decrease more slowly than the average ﬂuctuations. This means that the issue of
local equilibrium is less sensitive than that of the average structure to coordination number.
As in (16) and (26) can be transformed into an integral over the solid angle. As a result,G ¼ 1
10
6ð1þ aNÞ þ 9ð1þ aTÞ hKTihKNi
 
BE; ð27Þwhich states that the prediction of the shear modulus requires that of aN and aT.
Tangential ﬂuctuations are contributed by both center displacements and rotations. The average over the
contact sets h~wxih and h~wuih of the ~wxðijÞ and ~wuðijÞ introduced in (22), is also determined, and reported in Figs.
5 and 6. This time, signiﬁcant deviations from the proportionality to sEðijÞa t
EðijÞ
a are observed, and especially the
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Fig. 8. Modulus of normal (ﬁrst row) and tangential (second row) contact displacements averaged over equally oriented contacts and
multiplied by 104. Same symbols as in Fig. 5.
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two-dimensional random assemblies of polydisperse disks with identical contact stiﬀness. Therefore, the poor
correlation found for spheres is the speciﬁc signature of inhomogeneity in the contact stiﬀness. A closer insight
into the role of center displacements and rotations is given by averaging signð~wuÞ and signð~wxÞ over the sets
S(h). As a deﬁnition,hsignð~wuÞih ¼
X
ij2SðhÞ
signð~wuÞ
NðShÞ ¼
Nþð~wuÞ  Nð~wuÞ
NðShÞ ;
hsignð~wxÞih ¼
X
ij2SðhÞ
signð~wxÞ
NðShÞ ¼
Nþð~wxÞ  Nð~wxÞ
NðShÞ ;where N(Sh) is the number of contacts in the set Sh, and N
+( ) and N( ) give the number of contacts at which
the bracketed quantity is, in turn, positive and negative. A (positive) negative result means that at the chosen
polar angle the ﬂuctuations mainly (do not) counteract the displacements induced by the average strain, while
the numerical value speciﬁes the percent of contacts the dominant sign prevails by. Fig. 7, which refers to sam-
ple C, shows that rotations mainly oppose the average strain, the more eﬃciently the larger the displacements
induced by the average strain. Exceptions are the closest orientations to the main compression. However, the
corresponding contact sets are not statistically representative, because of the low number of contacts they
gather due to isotropy in the distribution of the contact orientation. As far as the center displacements are
concerned, these do not counteract the average strain, especially at small coordination numbers. From
(26), one can also say that
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aT ¼ Drlmð~wÞ=DrlmðsEÞ;
ð28Þwhere brackets include the kinematic term whose contribution to the stress is considered. By analogy with
(28), we introduce the numerical factors axT and a
u
T, namelyaxT¼: DrlmðewxÞ=DrlmðsEÞ;
auT¼: DrlmðewuÞ=DrlmðsEÞ; ð29Þwhich allow to measure the contribution to the macroscopic behavior from rotations and center displace-
ments. axT is also reported in Table 1, averaged over the directions 11, 22 and 33, while a
u
T can be inferred,
as auT ¼ aT  axT. The contribution from the center displacements is much smaller than that due to rotations.
Moreover, the relaxation induced along the tangential direction comes entirely from rotations, with the excep-
tion of sample A at the pressure of 104
ﬃﬃﬃﬃﬃ
10
p
kPa and sample B at the pressure of 105
ﬃﬃﬃﬃﬃ
10
p
kPa.
6. Predictions
In the previous section we have measured and characterized the displacement ﬂuctuations and the way they
determine the mechanical behavior of the equivalent continuum. Reliable estimates of the shear modulus need
to incorporate displacement ﬂuctuations compatible with (23). In this section two predictions of the displace-
ment ﬂuctuations are considered, namely the 1-ﬂuctuating-particle approach (1FP) and in the Pair-Fluctua-
tion (PF) approach. The two methods are ﬁrst brieﬂy recalled. Then, they are used to numerically predict
the average ﬂuctuations and their prediction is compared with the values measured in the simulations. The
two methods are also compared with each other, with the purpose of gaining a thorough insight into the dif-
ferences in their prediction.
The 1-ﬂuctuating-particle approach (1FP) is put forward in Kruyt and Rothenburg (2002) to numerically
predict the elastic moduli of two-dimensional assemblies of non-rotating frictional disks. In this approach, the
balance of force and moment is solved grain by grain in the assembly. In more detail, the chosen grain alone,
say i, is allowed to ﬂuctuate, while its neighbors are compelled to move in accordance with the average strain.
As a result, the relative displacement uðiaÞt diﬀers from (12), asuðiaÞt ¼ DEtmnðiaÞm þ ~uðiÞt þ
D
2
tbc ~x
ðiÞ
b n
ðiaÞ
c ; ð30Þand the equilibrium equations for the chosen grain, i.e.XNðiÞ
a¼1
½ðKðiaÞN  KðiaÞT ÞnðiaÞr nðiaÞt þ KðiaÞT drtuðiaÞt ¼ 0;
XNðiÞ
a¼1
vgrnðiaÞg ½ðKðiaÞN  KðiaÞT ÞnðiaÞr nðiaÞt þ KðiaÞT drtuðiaÞt ¼ 0;
ð31Þcan be solved for its ﬂuctuations if the average strain is considered known. The displacement at the contact
point between interacting grains, say i and j, is conveniently expressed using the notation~uðiÞr  ~uðjÞr ¼ bðijÞrs es;
~xðiÞr þ ~xðjÞr ¼ cðijÞrs es:
ð32ÞIn (32), the vector e has componentse1 ¼ E11; e2 ¼ E22; e3 ¼ E33;
and bðijÞrs and c
ðijÞ
rs , which describe the stiﬀness and geometry of their neighborhood, are inferred from the com-
ponents of the matrices associated with the two problem of equilibrium (31) for grain i and j. The contact ra-
dial shortening ~hðijÞ and the tangential relative displacement ~sðijÞ that correspond to (32) are
Fig. 9.
contac
on the
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~sðijÞr ¼ bðijÞsm emðdsr  nðijÞs nðijÞr Þ þ
D
2
rbcc
ðijÞ
bm emn
ðijÞ
c :
ð33ÞOn the base of (6) and (5), the contributions eC1111 and eC1122 from the ﬂuctuation of the pairs to the forth order
tensor and eG to the shear modulus areeC1111 ¼ DV XCðijÞ¼1 ðKðijÞN  KðijÞT ÞbðijÞr1 nðijÞr nðijÞ1 þ KðijÞT bðijÞ11 þ D2 1bccðijÞb1 nðijÞc
  
nðijÞ1 ;
eC1122 ¼ DV XCðijÞ¼1 ðKðijÞN  KðijÞT ÞbðijÞr2 nðijÞr nðijÞ1 þ KðijÞT bðijÞ12 þ D2 1bccðijÞb2 nðijÞc
  
nðijÞ1 ;
eG ¼ ðeC1111  eC1122Þ=2;
ð34Þwhere the sums are carried out over the contacts in the assembly.
The pair ﬂuctuation model (PF) is employed in Agnolin et al. (2006) and Jenkins et al. (2005) to analytically
predict the shear modulus of, in turn, two-dimensional systems of frictional and frictionless disks and of three-
dimensional assemblies of frictionless spheres. In this method, the balance of force and torque is solved pair by
pair of contacting grains in the assembly. The pair alone is allowed to ﬂuctuate, while its neighborhood is com-
pelled to move in accordance with the average strain, as shown in Fig. 9. If i and j are the indexes of the grains
of the chosen pair, their relative displacement uðijÞt is still given by (12), while (30) holds whenever a neighbor of
i diﬀerent from j is considered, anduðjbÞt ¼ DEtmnðjbÞm þ ~uðjÞt þ
D
2
tbc ~x
ðjÞ
b n
ðjbÞ
c ð35Þis employed when b5 i. With the average strain assigned, the system consisting of the equilibrium equations
(31) for grains i andXNðjÞ
b¼1
½ðKðjbÞN  KðjbÞT ÞnðjbÞr nðjbÞt þ KðjbÞT drtuðjbÞt ¼ 0;
XNðjÞ
b¼1
vgrnðjbÞg ½ðKðjbÞN  KðjbÞT ÞnðjbÞr nðjbÞt þ KðjbÞT drtuðjbÞt ¼ 0
ð36Þi
j
δ
A pair of contacting grains ij with their neighborhood in the PF approach. The pair alone is allowed to ﬂuctuate, while the grains in
t with them are compelled to move in accordance with the average strain. A radial relative displacement d of the pair induces forces
neighbors that have non-zero normal and tangential component.
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(33) and (34) can still be employed to express the relative displacement and the contribution from the pair to
the elastic moduli, but this time bðijÞrs and c
ðijÞ
rs are inferred from the components of the solving matrix associated
with the problem of equilibrium of the pair. It is ﬁnally noticed that the ﬂuctuations of the individual particles
are not unique in the PF method, as each force-carrying grain belongs to more than one pair.
The relative displacements induced by the estimated ﬂuctuations are averaged over equally oriented con-
tacts. Due to the small size of the representative domains, such averages are not nicely proportional anymore
to the relative displacements induced by the average strain, especially in the tangential plane. The values of aN
and aT, which measure the contribution from the ﬂuctuations to the macroscopic stress, are thus determined
using (28), and plotted in Fig. 10 for samples A and C. The corresponding 1FP and PF estimates of the shear
modulus are plotted in Fig. 4 in terms of their ratio to the eﬀective value. The results bound the performance
that could be achieved by the corresponding analytical solutions, and emphasize a remarkable improvement
with respect to the average strain assumption, especially for sample A. In the case of sample C, in the worst
case the overestimate is reduced from 3.3 to about 1.5: further improvement would require to incorporate, at
least, the ﬂuctuations of the ﬁrst neighbors. The results allow to conclude that the ﬂuctuations which most
aﬀect the macroscopic behavior do correlate within short distance, in accordance with Gaspar and Koenders
(2001) and Agnolin and Kruyt (2007), more pronouncedly at large coordination number. In contrast with the
results obtained by Agnolin and Kruyt (2007) in two dimensions, the tangential ﬂuctuations are better pre-
dicted than the radial ones.6.1. 1FP vs PF
The PF approach gives worse estimates than the 1FP method, even though it relaxes more degrees of free-
dom. In order to get a better insight into this ﬁnding, we focus on two contacting grains, say i and j, and com-
pare the equilibrium equations that result for the pair from the two approaches. Three quantities describe the
stiﬀness of the neighborhood of grain i in (31), namely102 103 104 105
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Fig. 10. Estimated and measured value of aN and aT for sample A ( ) and C ( ). Filled symbols indicate measured values; empty symbols
with dotted line are employed for the PF estimate; empty symbols with solid line are employed for the 1FP estimate.
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XNðiÞ
a¼1
KðiaÞrt ;
J ðijÞrts ¼:
XNðiÞ
a¼1
nðiaÞr K
ðiaÞ
ts ;
P ðijÞrtsg¼:
XNðiÞ
a¼1
nðiaÞr K
ðiaÞ
ts n
ðiaÞ
g ;
ð37Þwhich we have labelled by (ij) because of our focus on the pair. Analogous quantities, say I ðjiÞrt , J
ðjiÞ
rts and P
ðjiÞ
rtsg,
stem from the equilibrium of grain j. Sums like these, whose largest order depends on the size of the subsystem
on which equilibrium is enforced, were ﬁrst studied by Koenders (1987), who called them ‘‘structural sums’’. If
the equations of balance of the force and torque are, in turn, subtracted from and summed to each other, one
obtains in the 1FP case:2f½I ðijÞrt þ I ðjiÞrt ð~uðiÞt  ~uðjÞt Þ  ½I ðijÞrt  I ðjiÞrt ð~uðiÞt þ ~uðjÞt Þg þ sbcDf½J ðijÞbrs  J ðjiÞbrs ð~xðiÞc þ ~xðjÞc Þ
þ sbcD½J ðijÞbrs þ J ðjiÞbrs ð~xðiÞc  ~xðjÞc Þg ¼ 4D½J ðijÞcrs  J ðjiÞcrs Esc;
2sbcf½J ðijÞbct  J ðjiÞbct ð~uðiÞt  ~uðjÞt Þ  ½J ðijÞbct þ J ðjiÞbct ð~uðiÞt þ ~uðjÞt Þg þ sbvdrcDf½P ðijÞbvdr þ P ðjiÞbvdrð~xðiÞc þ ~xðjÞc Þ
þ ½P ðijÞbvdr  P ðjiÞbvdrð~xðiÞc  ~xðjÞc Þg ¼ sbc4D½P ðijÞbcst þ P ðjiÞbcstEst:
ð38ÞIn the PF case, the resulting equations diﬀer from (38) in a few terms, which are the only ones written:2f½I ðijÞrt þ I ðjiÞrt þ2KðjiÞrt ð~uðiÞt ~uðjÞt Þ  gþ sbcDf½J ðijÞbrs  J ðjiÞbrs þ2nðijÞb KðijÞrs ð~xðiÞc þ ~xðjÞc Þ  g¼   ;
2sbcf½J ðijÞbct  J ðjiÞbct þ2nðijÞb KðijÞct ð~uðiÞt ~uðjÞt Þ  gþ sbvdrcDf½P ðijÞbvdrþP ðjiÞbvdrþ2nðijÞb KðijÞvd nðijÞr ð~xðiÞc þ ~xðjÞc Þ  g¼   :
ð39Þ
On the other hand, if the equations of force balance and those of torque balance are, in turn, summed to and
subtracted from each other, one obtains in the 1FP case:2f½I ðijÞrt  I ðjiÞrt ð~uðiÞt  ~uðjÞt Þ  ½I ðijÞrt þ I ðjiÞrt ð~uðiÞt þ ~uðjÞt Þg þ sbcDf½J ðijÞbrs þ J ðjiÞbrs ð~xðiÞc þ ~xðjÞc Þ
þ sbcD½J ðijÞbrs  J ðjiÞbrs ð~xðiÞc  ~xðjÞc Þg ¼ 4D½J ðijÞcrs þ J ðjiÞcrs Esc;
2sbcf½J ðijÞbct þ J ðjiÞbct ð~uðiÞt  ~uðjÞt Þ  ½J ðijÞbct  J ðjiÞbct ð~uðiÞt þ ~uðjÞt Þg þ sbvdrcDf½P ðijÞbvdr  P ðjiÞbvdrð~xðiÞc þ ~xðjÞc Þ
þ ½P ðijÞbvdr þ P ðjiÞbvdrð~xðiÞc  ~xðjÞc Þg ¼ sbc4D½P ðijÞbcst  P ðjiÞbcstEst;
ð40Þwhile in the PF case:2f  ½I ðijÞrt þ I ðjiÞrt 2KðijÞrt ð~uðiÞt þ~uðjÞt Þgþ sbcDf  þ sbcD½J ðijÞbrs  J ðjiÞbrs 2nðijÞb KðijÞrs ð~xðiÞc  ~xðjÞc Þg¼   ;
2sbcf   ½J ðijÞbct J ðjiÞbct 2nðijÞb KðijÞct ð~uðiÞt þ~uðjÞt Þgþ sbvdrcDf  þ ½P ðijÞbvdrþP ðjiÞbvdr2nðijÞb KðijÞvd nðijÞr ð~xðiÞc  ~xðjÞc Þg¼   :
ð41Þ
Comparison between Eqs. (38) and (39) on one side, and (40) and (41) on the other shows that the 1FP and the
PF approach diﬀer only in the isolated contribution from the chosen contact ij. Our calculations prove that
this contribution has a stiﬀening eﬀect on the behavior of the equivalent continuum.
Additional information about the way this contribution enters the macroscopic behavior in the 1FP and FP
model can be inferred once an averaging process has been applied on the solving equations. To this aim, use is
made of the main ﬁndings in Section 5, where it has been shown that only the average of the ﬂuctuations over
equally oriented contacts is relevant to the macroscopic behavior; that this average is determined by the aver-
age structure of the assembly, and, ﬁnally, that such an average structure depends on the average contact stiﬀ-
ness and the average geometry. On this base, it is feasible to substitute the local structural sums in (38)–(41)
with their average over contacts with the same solid angle. As a result, the equations will give the average dis-
placement over equally oriented contacts. We ﬁnd it convenient to introduce the notation:
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XNðiÞ
a¼1;a6¼j
nðiaÞr n
ðiaÞ
t
* +
þ hKTi
XNðiÞ
a¼1;a6¼j
ðdrt  nðiaÞr nðiaÞt Þ
* +
;
J ðijÞrts ¼ hKNinðijÞr nðijÞt nðijÞs þ hKTinðijÞr ðdts  nðijÞt nðijÞs Þ þ hKNi
XNðiÞ
a¼1;a6¼j
nðiaÞr n
ðiaÞ
t n
ðiaÞ
s
* +
þ hKTi
XNðiÞ
a¼1;a6¼j
nðiaÞr ðdts  nðiaÞt nðiaÞs Þ
* +
;
P ðijÞrtsg ¼ hKNinðijÞr nðijÞt nðijÞs nðijÞg þ hKTinðijÞr ðdts  nðijÞt nðijÞs ÞnðijÞg þ hKNi
XNðiÞ
a¼1;a 6¼j
nðiaÞr n
ðiaÞ
t n
ðiaÞ
s n
ðiaÞ
g
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þ hKTi
XNðiÞ
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* +
;
ð42Þwhere the average structural sums have been overbarred. These objects are tensors, and in the presence of isot-
ropy, their representation is identical for all contact orientations in the local reference frame of ðnðijÞ; tEðijÞ;~tðijÞÞ,
where ~tðijÞ is the unit tangent vector perpendicular to n(ij) and tE(ij). Moreover, due to symmetry,I ðijÞrt ¼ I ðjiÞrt ; J ðijÞrts ¼ J ðjiÞrts ; P ðijÞrtsg ¼ P ðjiÞrtsg;
which reduce Eqs. (38) toI ðijÞrt sbcDJ
ðijÞ
brs
sbrJ
ðijÞ
brt sbvdrcP
ðijÞ
bvdr
" #
2ð~uðiÞt  ~uðjÞt Þ
~xðiÞc þ ~xðjÞc
" #
¼ 4DJ
ðijÞ
crs Esc
4D2sbcP ðijÞbcstEst
" #
; ð43Þand Eqs. (39) to a system whose known terms are the same as in (43), but whose solving matrix:I ðijÞrt þ hKrti sbcDðJ ðijÞbrs þ nðijÞb hKrsiÞ
sbrðJ ðijÞbrt þ nðijÞb hKrtiÞ sbvdrcðP ðijÞbvdr þ nðijÞb hKvdinrÞ
" #
ð44Þstill diﬀers from (43) in the isolated contributions from the chosen contact ij. Finally, the averaging process
reduces Eq. (40) toI ðijÞrt sbcDJ
ðijÞ
brs
sbcJ
ðijÞ
bct sbvdrcDP
ðijÞ
bvdr
" #
2ð~uðiÞt þ ~uðjÞt Þ
~xðiÞc  ~xðjÞc
" #
¼ 0
0
 
;which diﬀers from the average of Eqs. (41) only in the solving matrix:I ðijÞrt  hKrti sbcDðJ ðijÞbrs  nðijÞb hKrsiÞ
sbcðJ ðijÞbct  nðijÞb hKctiÞ sbvdrcDðP ðijÞbvdr  nðijÞb hKvdinrÞ
" #
:With respect to (38)–(41), the average contribution from the chosen contact emerges more neatly. Eqs. (43)
and (44) are suﬃcient to determine the elastic moduli, as they can be solved for the average relative displace-
ments that do contribute to the contact forces. As ~uðiÞt þ ~uðjÞt and xðiÞb  xðjÞb do not contribute to (43) and (44),
the average total force and torque the neighbors exert on the pair as a result of its rolling and of its rigid mo-
tion are zero in these approximation schemes. The reader is referred to Bagi and Kuhn (2004) and Kuhn and
Bagi (2004) for a review of recent results about rolling in granular media, which is deferred for future work.
The remaining step towards a continuum equivalent description would consist in the search for an appro-
priate analytical formulation of (43) and (44). As far as the PF scheme is concerned, two formulations are pro-
posed, in Jenkins et al. (2005) for spheres and in Agnolin et al. (2006) for disks. However, those both consider
the isolated contributions from the contact ij in (44) of the second order and neglect it, and thus correspond to
the 1FP case. In more general terms, the key element to the analytical formulation is the choice of appropriate
distribution functions for the contact orientation, which allow to transform the structural sums into integrals.
As already noticed by Jenkins (1997), such a choice cannot stem from the focus on the individual particle
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zero. If the third order tensor were zero, from (43) the center displacements would be zero as well, and rota-
tions would balance alone the eﬀect of a biaxial load, in contradiction to both experiments and numerical sim-
ulations. Therefore, adequate statistical representations of the average structure need to incorporate
considerations of impenetrability between neighboring particles. On this base, Jenkins (1997) concluded on
the inadequacy of the 1FP approach and later on introduced the PF method, while here it has been proven
that the 1FP approach is already eﬀective in capturing the ﬂuctuations, at the condition that the focus be
extended to the pair.7. Conclusions and perspectives
Four numerical isotropic assemblies of frictional spheres have been created by employing diﬀerent prepa-
ration procedures. Of these, the ﬁrst one is the classic frictionless isotropic compression; two procedures aim to
reproduce compaction by vibration and lubrication, respectively, while the fourth one is a frictional compres-
sion. The coordination number of the four samples is found to strongly vary with the preparation procedure,
and their elastic moduli depend much more on coordination number than on density. The initial states of the
ﬁrst three samples all match in pressure and density that of assemblies of glass beads used during a series of
wave propagation experiments, but as far as the elastic moduli are concerned, only those of the low-coordi-
nated sample produced by the protocol aimed at mimicking vibration match the experimental results satisfac-
torily at pressures lower than 1 MPa. Conversely, samples created by means of an initial isotropic
compression, the scientiﬁc literature usually focuses on, are far too stiﬀ in this range of pressure.
The interest of Continuum Mechanics research is in the prediction of the mechanical properties, which
requires that of the relative displacement between contacting grains. In these respects, the easiest scenario pos-
sible is that of relative displacements driven by the average strain. Such an hypothesis results in poor estimates
of the shear modulus, which indicates the necessity of incorporating the displacement ﬂuctuations from the
average strain. We have found that the ﬂuctuations chieﬂy depend on coordination number. Locally, the ﬂuc-
tuations vary strongly, as they ensure the balance of force and torque at the grain scale, but only their average
over contacts with the same orientation aﬀects the macroscopic behavior. This average is determined by the
average geometry and the average contact stiﬀness. In more detail, the average normal and tangential compo-
nent of the contact displacements induced by the ﬂuctuations are proportional, in turn, to the normal and the
tangential relative displacement induced by the average strain. Along the tangential direction, the relaxation
with respect to the average strain assumption is generally entirely due to rotations; the tangential ﬂuctuations
of the centers give a much smaller contribution, and mainly originate in the requirement of local equilibrium.
Displacement ﬂuctuations consistent with these observations result from the 1FP and the PF approach,
which have been promisingly employed in the past to predict the moduli of frictionless spheres and frictional
disks, and which have been tested numerically on our assemblies of frictional spheres. In this way, the bound
has been identiﬁed which can be attained by the corresponding analytical solutions for frictional spheres. Both
approaches are based on the equilibrium of a small subassembly made, in turn, of a particle and a pair of con-
tacting grains with their ﬁrst neighbors. The chosen particle or pair alone is allowed to ﬂuctuate, while the
neighborhood move in accordance with the average strain. Both approaches result in a remarkable improve-
ment of the estimate of the shear modulus with respect to the average strain assumption, meaning that the
ﬂuctuations which mostly aﬀect the macroscopic behavior correlate over a short length. The estimate is sat-
isfying in the case of samples with large coordination number, and optimal predictions for samples with a
smaller coordination number are likely to result from just incorporating the ﬂuctuations of the ﬁrst neighbors.
Tangential ﬂuctuations are rather satisfactorily captured, and the residual discrepancy between predicted and
eﬀective shear modulus is mostly due to the underestimate of radial ﬂuctuations.Acknowledgments
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